Abstract. Explicit generating sets are found for all primitive ideals in the generic quantized coordinate rings of SL 3 and GL 3 over an arbitrary algebraically closed field k. (Previously, generators were only known up to certain localizations.) These generating sets form polynormal regular sequences, from which it follows that all primitive factor algebras of Oq(SL 3 (k)) and Oq(GL 3 (k)) are Auslander-Gorenstein and Cohen-Macaulay.
Introduction
The primitive ideals of quantum SL 3 were first classified by Hodges and Levasseur in the case of O q (SL 3 (C)) [6, Theorems 4.2.2, 4.3.1, 4.4.1 and §4.5]. (Here and throughout, we consider only generic quantized coordinate rings, meaning that quantizing parameters such as q are not roots of unity.) This classification was extended to O q (SL n (C)) in [7] , to O q (G) for semisimple groups G and q transcendental in [9] , and to multiparameter quantizations O q,p (G) over C in [8] . In these classifications, the primitive ideals appear as pullbacks of maximal ideals from certain localizations, and it is only in the localizations that generating sets are calculated (assuming the base field is algebraically closed). The only case in which generating sets for primitive ideals have been explicitly determined is the easy case of O q (SL 2 (C)) [6, Theorem B.1.1]. Of course, once the primitive (or prime) ideals of O q (SL n (k)) are known in some form, those for O q (GL n (k)) can be readily obtained via the isomorphism O q (GL n (k)) ∼ = O q (SL n (k))[z ±1 ] observed by Levasseur and Stafford [13, Proposition] .
Our purpose here is to calculate explicit generating sets for all primitive ideals of the (generic) quantized coordinate rings O q (SL 3 (k)) and O q (GL 3 (k)), over any algebraically closed base field k. With some care in the choices of generators and the order in which they are listed, we actually obtain generating sets which are polynormal regular sequences, from which we obtain strong homological conclusions: All primitive factor algebras of O q (SL 3 (k)) and O q (GL 3 (k)) are Auslander-Gorenstein and Cohen-Macaulay (with respect to Gelfand-Kirillov dimension). Further, addressing a question raised in [5] , we show that all maximal ideals of O q (SL 3 (k)) and O q (GL 3 (k)) have codimension 1.
The line of our calculations follows the framework given by stratifications relative to torus actions (see [2, Theorems II.2.13 and II.8.4]), which we recall below. It is convenient to work first with O q (GL 3 (k)), since the results for O q (SL 3 (k)) are for α 1 , . . . , α d ∈ k × , under the quotient map A → A/Q w . However, this description only provides generators up to localization. Hence, one step remains. 0.5. Primitive generators. For w ∈ S 3 × S 3 and α 1 , . . . , α d ∈ k × , we find elements a 1 , . . . , a d ∈ A/Q w which generate a prime ideal of A/Q w , and which generate the same ideal of A w as z 1 − α 1 , . . . , z d − α d (Lemma 5.3 and proof of Theorem 5.5). It follows that a 1 , . . . , a d generate the ideal described in (E0.4). Combining coset representatives of the a i with generators for Q w , finally, we obtain sets of generators for the primitive ideals in spec w A (Theorem 5.5).
Background and notation
Fix a base field k throughout, and a nonzero element q ∈ k which is not a root of unity. In our main theorem, we require k to be algebraically closed, but that assumption is not needed for most of the prior results. For this section, also fix an integer n ≥ 2; later, we specialize to the case n = 3.
Generators and relations.
For n ∈ N, we present the quantized coordinate ring of the matrix variety M n (k) as the k-algebra O q (M n (k)) with generators X ij for 1 ≤ i, j ≤ n and relations (E1.1)
X ij X im = qX im X ij (j < m)
X ij X lm = X lm X ij (i < l, j > m)
X ij X lm − X lm X ij = qX im X lj (i < l, j < m) ,
where q := q − q −1 . The quantum determinant in O q (M n (k)) is the element
where ℓ(π) denotes the length of the permutation π, that is, the minimum length of an expression for π as a product of simple transpositions (i, i + 1). The element D q lies in the center of O q (M n (k)) (e.g., [14, Theorem 4.6 .1]). The quantized coordinate rings of GL n (k) and SL n (k) are then given as a localization and a quotient of O q (M n (k)), respectively:
Let us use x ij to denote the coset of X ij in O q (SL n (k)). Due to the assumption that q is not a root of unity,
[2, Corollary II.6.10], meaning that quotients modulo these prime ideals are domains.
Quantum minors.
For any nonempty sets I, J ⊆ {1, . . . , n} of the same cardinality, we write [I|J] for the quantum minor with row index set I and column index set
The corresponding quantum minor in O q (SL n (k)) is obtained by replacing X i,π(i) by x i,π(i) in the formula above. It is just the coset of [I|J] , and we will use the same notation for it. We often omit set braces and commas from the notation for quantum minors, writing [1|3] and [12|23] for [{1}|{3}] = X 13 and [{1, 2}|{2, 3}], for instance. Complementary index sets will appear in several formulas; we will use the notation I := {1, . . . , n} \ I.
Abbreviated set notation will be used here too, as in 23 = {2, 3}.
1.3. Quantum Laplace and commutation relations. Some relations among quantum minors are needed for our computations; we record them here. We state ones holding in O q (M n (k)) (and thus also in O q (GL n (k))), and simply note that analogous ones hold in O q (SL n (k)).
The quantum Laplace relations say that 
(E1.3e)
Finally, we give some commutation relations among (n − 1) × (n − 1) quantum minors [14, Theorem 5.2.1]:
, and O q (SL n (k)) enjoy a number of symmetries, in the form of automorphisms and anti-automorphisms. We single out three. First, there is the transpose automorphism τ on O q (M n (k)), which is a k-algebra automorphism such that τ (X ij ) = X ji for all i, j [14, Proposition 3.7.1 (1) ]. This automorphism also transposes rows and columns in quantum minors:
for all I, J [14, Lemma 4.3.1]. In particular, τ (D q ) = D q , and so τ induces automorphisms of O q (GL n (k)) and O q (SL n (k)), which we also denote τ .
Let S denote the antipode of the Hopf algebra O q (GL n (k)); this is a k-algebra anti-automorphism such that S(
for all i, j (see [14, Theorem 5.3.2] , with q and q −1 interchanged). The action of S on quantum minors is given by
for all I, J [10, Lemma 4.1] . Since the antipode of O q (SL n (k)), which we also denote by S, is induced by the antipode of O q (GL n (k)), we have S(
for all i, j, and the displayed formula becomes
From [14, Proposition 3.7.1(3)], there is a k-algebra anti-automorphism ρ of O q (M n (k)) sending each X ij to X n+1−j,n+1−i . This sends D q to itself [14, Lemma 4.2.3] , so ρ induces anti-automorphisms of O q (GL n (k)) and O q (SL n (k)). Further, by [14, Lemma 4.3 .1],
for all quantum minors [I|J] in O q (M n (k)), where w 0 := 1 2 ··· n n n−1 ··· 1 is the longest element of the symmetric group S n . 1.5. Torus actions. Write H (or H n , if it is necessary to specify n) for the algebraic torus (k × ) 2n , and let H act on O q (M n (k)) and O q (GL n (k)) in the standard way, namely by k-algebra automorphisms such that
for all i, j. Then define the subgroup
, and the action of
Although the transpose automorphism τ of O q (M n (k)) is not H-equivariant, it does satisfy
for all (α 1 , . . . , α n , β 1 , . . . , β n ) ∈ H and Y ∈ O q (M n (k)). (To see this, just check the displayed identity for Y = X ij .) Consequently, τ maps H-stable subsets of O q (M n (k)) to H-stable subsets, and likewise in O q (GL n (k)). Similarly, τ maps SH-stable subsets of O q (SL n (k)) to SH-stable subsets.
As for the S and ρ, we have
for all (α 1 , . . . , α n , β 1 , . . . , β n ) ∈ H and Y ∈ O q (GL n (k)). Consequently, S and ρ send H-stable subsets of O q (GL n (k)) to H-stable subsets, and similarly, SH-stable subsets of O q (SL n (k)) are mapped to SH-stable subsets.
The sets of torus-invariant prime ideals in the algebras under discussion will be denoted
Note that all three collections are stable under τ and ρ, and that the latter two are stable under S. Recall from [2, Proposition II.2.9] that the H-prime ideals of O q (M n (k)) or O q (GL n (k)) coincide with the prime H-stable ideals, and that the SH-prime ideals of O q (SL n (k)) coincide with the prime SH-stable ideals.
Torus-invariant prime ideals
For most of this section, we concentrate on the case n = 3 and take A := O q (GL 3 (k)).
2.1. Generators. Generating sets for all H-prime ideals in O q (M 3 (k)) were determined in [3] . For the 36 H-primes not containing the quantum determinant, these generating sets are encoded in [3, Figure 6 ], a version of which we give in Figure  1 below. Since all prime ideals of A are induced from prime ideals of O q (M 3 (k)), Figure 1 also gives generating sets for all the H-prime ideals of A.
The positions in Figure 1 are indexed by pairs (w + , w − ) of permutations from S 3 ; we will explain this indexing in §2. Figure 1 is adapted from that used by Hodges and Levasseur in [6, §2.2] for certain key ideals I w = I w+,w− generated by quantum minors in O q (SL 3 (k)). In fact, one can show that the I w are exactly the SH-prime ideals of O q (SL 3 (k)). Some of the quantum minors that belong to I w do not appear among the generators given in [6] , but we find it useful to include them. Thus, the sets of quantum minors appearing in Figure 1 are slightly larger than the sets used to define the ideals I w . To give an explicit formula for our generating sets, it is convenient to recall the following relations among index sets.
Let I and J be finite sets of positive integers with the same cardinality, say t. Write the elements of these sets in ascending order:
Then define I ≤ J if and only if i l ≤ j l for all l = 1, . . . , t.
For y ∈ S 3 , define the following ideals of A:
where, following our previous conventions, y (12) 
The diagram in position w of Figure 1 gives a set of quantum minors that generate Q w , where we label a permutation y by its effect on 1, 2, 3. In other words, if y is given in input-output form by the matrix y (1) y (2) y (3) , we just record the bottom row of this matrix. Note that generating sets for the ideals Q + w+ = Q w+,321 are given in the left column of Figure 1 , and those for Q − w− = Q 321,w− in the first row. 2.3. Symmetry. By inspection of the generating sets in Figure 1 , we see that
for w + , w − ∈ S 3 , and therefore τ induces isomorphisms
Further inspection reveals relations such as S(Q
Since S sends H-primes of A to H-primes and preserves proper inclusions, we obtain
for w + , w − ∈ S 3 , and therefore S induces anti-isomorphisms
Finally, we find that
for y ∈ S 3 , and thus (E2.3e) ρ(Q w+,w− ) = Q w0w for all w + , w − ∈ S 3 .
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For convenience in identifying the (anti-) isomorphisms (E2.3b), (E2.3d), (E2.3f), we list the permutations y −1 , w 0 y −1 w 0 , and w 0 yw 0 , for y ∈ S 3 , in Figure 2 . Figure 1 immediately reveals that for each H-prime ideal Q of A, the given generators can be listed in a sequence a 1 , . . . , a t such that a 1 is normal and a i , for i > 1, is normal modulo a 1 , . . . , a i−1 . Thus, we have a polynormal sequence of generators. Further, Figure 1 shows that each of the ideals a 1 , . . . , a i−1 is (H-) prime, and so a i is regular modulo a 1 , . . . , a i−1 . Hence, our list of generators is also a regular sequence. To summarize: (4) Each H-prime ideal of A has a polynormal regular sequence of generators.
We now turn to the SH-prime ideals of O q (SL 3 (k)), and show that they are exactly the push-forwards of the H-prime ideals of O q (GL 3 (k)) with respect to the quotient map. This holds for O q (SL n (k)) for arbitrary n, and we record the result in that generality. Let us write π : O q (M n (k)) → O q (SL n (k)) for the quotient map and also for the natural extension of this map to O q (GL n (k)).
The following proposition, in the case when k = C and q is transcendental over Q, is a corollary of [11, Lemme 3.4.10].
Proof. Set A = O q (GL n (k)) and B = O q (SL n (k)), and let B[z ±1 ] be a Laurent polynomial ring over B. By [13, Proposition] , there is a k-algebra isomorphism ξ : A → B[z ±1 ] such that ξ(X 1j ) = zx 1j for all j while ξ(X ij ) = x ij for all i ≥ 2 and all j. As shown in [2, Lemma II.5.16], there is a bijection SH-spec B → H-spec A given by the rule
. Hence, we need only show that ξ(P ) = π(P )[z ±1 ] for all P ∈ H-spec A. Any P ∈ H-spec A is generated by P ∩ O q (M n (k)), so it is generated by the H-eigenvectors in P ∩ O q (M n (k)). Thus, it will suffice to show that for any H-
Recall that O q (M n (k)) has a K-basis consisting of the lexicographically ordered monomials in the generators X ij . Let us write such monomials in the form
where the m s are distinct elements of Z
Since a is an H-eigenvector and q is not a root of unity, r s = r 1 for all s. Consequently,
Corollary 2.6. The set map P → π(P ) provides a bijection
Proof. Compose the bijection of Proposition 2.5 with the bijection
obtained from localization.
Generators and normal elements in
. In view of Corollary 2.6, there are exactly 36 SH-prime ideals in O q (SL 3 (k)), also with generating sets encoded in Figure 1 . (Here, of course, bullets stand for generators x ij .) As in §2.4,
) has a polynormal regular sequence of generators.
Combining §2.4(4) and §2.7(1) with Theorem 7.2 yields the following homological information.
)/P is Auslander-Gorenstein and GK-Cohen-Macaulay.
Localizations
For the remainder of the paper, we take n = 3, and set A := O q (GL 3 (k)). Our next step is to identify suitable normal elements with which to build the localizations A w of §0.3. For w = (w + , w − ) ∈ S 3 × S 3 , we use the elements discussed above to generate a multiplicative set E w ⊂ A/Q w . Since all the generators will be normal elements, E w will be a denominator set. The generators for E w consist of some which are already normal modulo Q Figure 3 . The generators of E w , and thus all its elements, are normal in A/Q w . Consequently, E w is a denominator set, and we define
w ]. The action of H on A induces a rational action on A/Q w , and since E w consists of H-eigenvectors, the latter action induces a rational action of H on A w by k-algebra automorphisms.
We next check that none of the generators of E w is zero. For instance, Figure  1 records the fact that Q 231,w− + X 21 = Q 132,w− = Q 231,w− for all w − , whence X 21 / ∈ Q 231,w− . That X 31 / ∈ Q 312,w− follows similarly, since X 31 ∈ Q 312,w− would imply X 21 ∈ Q 312,w− or X 32 ∈ Q 312,w− , given that [23|12] ∈ Q 312,w− . To see, for example, that [13|12] / ∈ Q 312,w− , observe that X 32 / ∈ Q 231,w Thus, E w consists of nonzero elements of the domain A/Q w , and therefore the localization map A/Q w → A w is injective.
In view of Figure 1 , we also see that if J is an H-prime of A which properly contains Q w , then J/Q w contains at least one of the generators of E w . It follows that A w contains no nonzero H-primes, and consequently A w is H-simple. This establishes §0.3(1), and §0.3(2) then follows by [2, Corollaries II.3.9 and II.6.5].
We have noted that if J is an H-prime of A properly containing Q w , then (J/Q w ) ∩ E w is nonempty. Consequently, (P/Q w ) ∩ E w is nonempty for any P in spec J A. On the other hand, if P ∈ spec w A, the intersection of the H-orbit of P/Q w is zero, so P/Q w contains no H-eigenvectors of A/Q w . Therefore spec w A = {P ∈ spec A | P ⊇ Q w and (P/
3.3. Some isomorphisms and anti-isomorphisms. Some of the localizations A w are isomorphic or anti-isomorphic to others, via combinations of τ , S ±1 , and ρ, as follows. First, note that for y = 312, the automorphism τ sends the (coset representatives of the) generators for E 
while in the case y = 312 we have
The cases y = 132, 213 are similar to the latter case. In the case y = 123, we have
Likewise, for z = 312, S sends generators for E 
In the following, we will write C ∽ = D to record that k-algebras C and D are anti-isomorphic to each other. A list of some (anti-) isomorphisms obtained from (E3.3a)-(E3.3d) is given in Figure 4 . In each row, the (anti-) automorphism which is used to obtain a given algebra from the first algebra in that row is displayed as a subscript. Indeterminates. Let w = (w + , w − ) ∈ S 3 × S 3 , and recall §0.3(2). Our next task is to identify indeterminates for the Laurent polynomial ring Z(A w ). It will be convenient to use the same symbol to denote an element of A as for the corresponding coset in A/Q w . Thus, for a ∈ A and e ∈ E w , we write ae −1 for the fraction (a + Q w )(e + Q w ) −1 in A w . We first observe, using (E1.1) and (E1.3b-e), that the elements listed in position w of Figure 5 below are central elements of A w .
Centers of quantum tori.
We reduce the process of determining the centers of the localizations Z(A w ) to calculating centers of quantum tori whose commutation parameters are powers of q. Recall that if
where (a ij ) is an antisymmetric m × m integer matrix, then Z(B) is spanned by the monomials in the x i it contains, and Z(B) is a Laurent polynomial ring
[23|12]X −1 13 In all of these cases, D q = X 11 X 22 X 33 in A/Q w , whence X 11 , X 22 , X 33 are invertible in A/Q w . Any other X ij / ∈ Q w becomes invertible in A w because it occurs in E w . Thus, A w takes the form of a quantum torus on the generators X ±1 ij for those X ij / ∈ Q w . In the case w = (123, 123), the algebra A w is commutative, equal to a Laurent polynomial ring k[X In the case w = (231, 123), the algebra A w is generated by X We deal with the case w = (321, 123) as follows. While A w is not itself a quantum torus, it can be localized to one. Namely, the powers of X 21 form a denominator set, and the localization A observing that there is a k-algebra homomorphism φ : B → Fract(A/Q w ) sending x 1 , . . . , x 6 to X 11 , X 21 , X 22 , X 31 , [23|12], X 33 , respectively; and checking that φ(B) is generated by A w ∪ {X given by (E3.3a), (E3.3c). For the mentioned cases, the following localizations A For instance, taking w = (312, 213), the anti-isomorphism A w → A 231,213 of (E3.3b) sends 
q . To see that X 11 , X 12 , X 22 , X 23 lie in the given quantum torus, observe, using (E1.3a), that 
q , which we analyze as above.
The cases (321, 231), (231, 321), (312, 321) follow via the (anti-) isomorphisms
of (E3.3a), (E3.3b).
In the final case, w = (321, 321), the localization
is a quantum torus on the generators
Primitive ideals
5.1. Generators. Let w ∈ S 3 × S 3 , let z 1 , . . . , z d be the elements of A w listed in position w of Figure 5 , and let
It is primitive (whence P ′ = P/Q w for some P ∈ prim w A) if and only if l = d. (3) If k is algebraically closed, then every quotient P/Q w , for P ∈ prim w A, is an ideal of the form (E5.1) for l = d and some α i ∈ k × .
We wish to identify generators for the prime ideals (E5.1). Each z i can be expressed as a fraction e i f
−1 i
for some e i , f i ∈ E w , and so P ′ = P ′′ A w ∩ (A/Q w ) where
Thus, P ′ contains P ′′ and these two ideals are equal up to E w -torsion. They will be equal -thus providing a set of generators for P ′ -if and only if P ′ /P ′′ is E wtorsionfree. To establish the latter condition, it will suffice to show that generators for E w are regular modulo P ′′ . Elements which we shall use to generate the above ideals are given in Figure 6 , where α, β, γ denote arbitrary nonzero elements of k. Each entry in position w of this table is of the form e − λf for some e, f ∈ E w and λ ∈ k × , where ef
appears in position w of Figure 5 . Thus, ef −1 is a central element of A w and f is a normal element of A/Q w , from which it follows that e − λf is normal in A/Q w . To summarize: Figure 6 generate prime ideals in various factor algebras of A, we record some definitions and useful observations.
To aid in showing that the elements displayed in
Suppose that R is a noetherian ring, σ an automorphism of R, and a ∈ Z(R). The generalized Weyl algebra constructed from these data is the ring R(σ, a) generated by R together with two elements x, y subject to the relations
) be the quotient map, and w ∈ S 3 × S 3 . By Proposition 2.5, π(Q w ) is a prime ideal of O q (SL 3 (k)), and so its inverse image, Q w + D q − 1 , is a prime ideal of A. Given any α ∈ k × , we can choose h ∈ H such that h( 1, 1, 1, 1, 1 ). Then h(Q w + D q −1 ) = Q w + D q −α , and we conclude that (1) Q w + D q − α is a prime ideal of A for any w ∈ S 3 × S 3 and α ∈ k × .
Proposition 2.5 also shows that π(Q w ) = π(Q v ) for any distinct w, v ∈ S 3 × S 3 . In particular, π must preserve strict inclusions among the Q w , whence
This statement is useful in showing that certain elements do not belong to prime ideals of the given form. For instance, if x ∈ A and Q w + x = Q v for some v = w, statement (2) implies that x / ∈ Q w + D q − 1 . As a particular example,
Since the displayed ideal is prime (by (1)), it does not contain X 12 X 23 , and thus
Similarly, X 12 X 23 − X 31 / ∈ Q 123,312 + D q − 1 . Since Q 321,312 ⊂ Q 123,312 and [23|12] ∈ Q 123,312 , it follows that
The following easy observation will help us check that certain elements are regular modulo certain ideals.
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[23|12] − βX 13 Figure 6 . Generators for some prime ideals in factor algebras A/Q w (3) Let x and y be nonzero normal elements in a domain B. If y is regular modulo x (e.g., if x is completely prime and y / ∈ x ), then x is regular modulo y . For, if b ∈ B and xb ∈ y , then xb = cy for some c ∈ B. Regularity of y modulo x implies that c = xd for some d ∈ B, and thus xb = xdy. Cancelling x (valid because B is a domain) yields b = dy ∈ y . Similarly, bx ∈ y implies b ∈ y .
In applying (3) in factor algebras B of A, we continually rely on the fact that all prime ideals are completely prime ( §1.1 (1)).
For example, we know from (1) that B := A/ Q 321,312 + D q − 1 is a domain and that X 31 B is a prime ideal of B. As shown above, X 12 X 23 − X 31 is not in X 31 B. Thus, (3) implies that X 31 is regular modulo (X 12 X 23 − X 31 )B. We also saw that X 12 X 23 − X 31 is not in [23|12]B. The latter is a prime ideal of B, because
Consequently, (3) implies that [23|12] is regular modulo (X 12 X 23 − X 31 )B. Restating our information in A, we obtain that X 31 and [23|12] are regular modulo
Finally, we record one extension of (3): (4) Let x, y, z be nonzero normal elements in a domain B. If y is regular modulo x and z is regular modulo x, y , then x is regular modulo y, z . For, if b ∈ B and xb ∈ y, z , then xb = c 1 y + c 2 z for some c i ∈ B, and c 2 z ∈ x, y . By hypothesis, c 2 = xd 1 + yd 2 for some d j ∈ B, and x(b − d 1 z) = c 1 y + yd 2 z ∈ y . Since x is regular modulo y by (3), it follows that b−d 1 z ∈ y and thus b ∈ y, z . Similarly, bx ∈ y, z implies b ∈ y, z . 
(In the third case, x, z, y correspond to X 22 , X 32 , X 33 , respectively.) The first two algebras are known domains. The third is a generalized Weyl algebra k[z](σ, a) where σ is the automorphism of k[z] sending z → qz and a = q −1 γz 2 + β, and thus it too is a domain. This establishes the case w = (132, 132).
The case w = (213, 213) is handled via the induced anti-isomorphism
These results, together with (a), cover the remaining cases of (l = 1). w = (231, 132). The quotient A/ Q w + D q − α, X 11 X 23 − βX 32 is isomorphic to the k-algebra with generators w, x, z, y, D ±1 and relations wx = qxw wz = zw wy = yw wD = qDw xz = qzx zy = qyz xD = Dx zD = Dz yD = Dy 
where w = (321, 312). We must show that the ideal
of A is prime. If h = (δ, 1, ε, 1, 1, 1) ∈ H, where δ, ε ∈ k × are chosen so that δε = α −1 and δ
Hence, we may assume that α = β = 1. In view of the discussion in §5.1, it will suffice to show that the generators of E w are all regular modulo P . In the present case, these generators are
To show that these four elements are regular modulo P , we verify the corresponding properties for the ideal P ′ := P/ Q w + D q − 1 in the domain
That X 31 and [23|12] are regular modulo P ′ is already worked out in §5.2(d). Similarly, we check that X 23 A ′ and X 12 A ′ are prime ideals of A ′ which do not contain X 12 X 23 − X 31 , and then §5.2(3) implies that X 23 and X 12 are regular modulo P ′ . Therefore we conclude that P is a prime ideal, completing the case w = (321, 312).
The cases (231, 321), (321, 231), and (312, 321) follow via τ , S, and τ S, respectively, taking account of (E4.3b) in the case (321, 231). w = (231, 231). We must show that the ideals
, with k algebraically closed and q not a root of unity.
(a) Let w ∈ S 3 × S 3 , and let a 1 , . . . , a d be the elements listed in position w of Figure 6 (for some choices of α, β, γ ∈ k × ), now viewed as elements of A. Then  Q w + a 1 , . . . , a d is a primitive ideal of A. (b) The ideals described in (a) constitute all the primitive ideals of A.
Proof. (a) Let z 1 , . . . , z d be the elements of A w listed in position w of Figure 5 , and write α 1 = α, α 2 = β, . . . . Set P = Q w + a 1 , . . . , a d , and observe that
which is a prime ideal of A w by §5.1 (1) . By Lemma 5.3, P/Q w is a prime ideal of A/Q w , from which we conclude that P/Q w = (P/Q w )A w ∩ (A/Q w ). Consequently, §5.1(2) implies that P is primitive.
(b) If P is a primitive ideal of A, then P ∈ prim w A for some w ∈ S 3 × S 3 . In view of §5.1(3), P/Q w = (z 1 − α 1 )A w + · · · + (z l − α l )A w ∩ (A/Q w ) for some α i ∈ k × , where z 1 , . . . , z d are the elements of A w listed in position w of Figure 5 . Set α = α 1 , β = α 2 , . . . , and let a 1 , . . . , a d be the elements listed in position w of Figure 6 . As shown in the proof of (a) above, P/Q w equals the ideal of A/Q w generated by the cosets of a 1 , . . . , a d , and therefore P = Q w + a 1 , . . . , a d , as desired.
Let π : O q (GL 3 (k)) → O q (SL 3 (k)) denote the canonical quotient map. Since the primitive ideals of O q (SL 3 (k)) are precisely the ideals of the form π(P ) where P is a primitive ideal of O q (GL 3 (k)) containing D q − 1, generators for the primitive ideals of O q (SL 3 (k)) can be immediately obtained from Theorem 5.5, as follows.
Corollary 5.6. Let B = O q (SL 3 (k)), with k algebraically closed and q not a root of unity.
(a) Let w ∈ S 3 × S 3 , and let a 1 , . . . , a d be the elements listed in position w of Figure 7 (for some choices of α, β, γ ∈ k × ), now viewed as elements of B. Moreover, view Q w as an ideal of B (as defined in §2.2). Then Q w + a 1 , . . . , a d is a primitive ideal of B.
(b) The ideals described in (a) constitute all the primitive ideals of B.
6. General consequences Theorem 6.1. All primitive factor algebras of O q (GL 3 (k)) and O q (SL 3 (k)) are Auslander-Gorenstein and GK-Cohen-Macaulay (assuming k algebraically closed and q not a root of unity).
Proof. Let P be an arbitrary primitive ideal of O q (GL 3 (k)), and let w ∈ S 3 ×S 3 such that P ∈ prim w O q (GL 3 (k)). By §2.4(4), Theorem 5.5, and Corollary 5.4, Q w and P/Q w both have polynormal regular sequences of generators. It follows that P has a polynormal regular sequence of generators. Since O q (GL 3 (k)) is Auslander-regular and GK-Cohen-Macaulay (e.g., [2, Proposition I.9.12]), we conclude from Theorem 7.2 that O q (GL 3 (k))/P is Auslander-Gorenstein and GK-Cohen-Macaulay. The remaining statement is immediate from the fact that every primitive factor algebra of O q (SL 3 (k)) is also a primitive factor algebra of O q (GL 3 (k)).
By inspection, each primitive ideal of O q (GL 3 (k)) is contained in one of the primitive ideals in prim 123,123 O q (GL 3 (k)). Since maximal ideals are primitive, we find that the only maximal ideals of O q (GL 3 (k)) are those in prim 123,123 O q (GL 3 (k)), and similarly in O q (SL 3 (k) ). This establishes the following result, answering two cases of a question raised in [5, Introduction] . Theorem 6.2. Every maximal ideal of O q (GL 3 (k)) and O q (SL 3 (k)) has codimension 1 (assuming k algebraically closed and q not a root of unity). (1) is strengthened to 'gl.dim R < ∞', then R is Auslander-regular.
Appendix. Homological conditions
The grade (or j-number ) of a finitely generated R-module M is j(M ) = j R (M ) := inf{j ≥ 0 | Ext j R (M, R) = 0}. Now assume that R is an affine k-algebra. Then R is GK-Cohen-Macaulay provided GK.dim(R) < ∞ and j(M ) + GK.dim(M ) = GK.dim(R) for every nonzero finitely generated (right or left) R-module M . Theorem 7.2. Let R be a noetherian ring, and let Ω ∈ R be a regular normal element.
(a) If R is Auslander-Gorenstein, then so is R/ΩR. (b) Assume that R is an affine k-algebra. If R is GK-Cohen-Macaulay, then so is R/ΩR. The case M = R/ΩR of (E7.2) implies that 1 + GK.dim(R/ΩR) = GK.dim(R), and hence (E7.2) can be rewritten as j R/ΩR (M ) + GK.dim(M ) = GK.dim(R/ΩR).
This shows that R/ΩR is GK-Cohen-Macaulay.
